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, Abstract 

We describe a method to reduce partial differential equations of Monge- 
Ampere type in 4 variables to complex partial differential equations in 2 vari- 
ables. To illustrate this method, we construct explicit holomorphic solutions 
of the special lagrangian equation, the real Monge- Ampere equations and the 
Plebanski equations. 
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^ ; Introduction 

' A Monge- Ampere equation is a partial differential equation which is non linear in a 
i-^h , very specific way: its nonlinearity is the determinant one. In two variables, Mange- 
ls ' Ampere equations are 



8 2 f 8 2 f 8 2 f /8 2 f d 2 f d 2 f 



8q\ dq\dqi 8q\ \8q\ 8q\ 8q\8q2 



where coefficients A, B, C and D are smooth functions on jet space J^R 2 . An 
^vq , important subfamily is the family of "symplectic" Monge-Ampere equations, when 

\Q ■ coefficients are assumed to be smooth functions on cotangent space T*R 2 . Contact 

geometry is then replaced by symplectic geometry. In this work, we will only consider 
Monge-Ampere with constant coefficients which fall in this symplectic subfamily. 

In higher dimensions, a Monge-Ampere equation is a linear combination of the 
minors of the hessian matrix 



\oqjdqkJ j,k=i...n 



As examples in dimension 4, we will cite the famous special lagrangian equation 
described by Harvey and Lawson, or Plebanski equations and Grant equation obtained 



by reduction of Yang-Mills equations and Einstein equations 
8 2 f d 2 f d 2 f d 2 f 



8x18x3 8x28x4 8x18x4 dx2dx 
d 2 f d 2 ( d 2 f \2 d 2 f d 2 f 



= 1 (Plcbanski I equation) 

= (Plebanski II equation) 
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8 2 f 8 2 f 8 2 f 8 2 f 8 2 f n 

"ST + ^ — 5 — a — 5 a — a — "5 — 5 — = (Grant equation) 

I 8xf 8x18x2 8x38x4 8x18x4 8x28x3 
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After the seminal paper of Lychagin ([25J), geometry of Monge- Ampere equations 
is quite well understood in 2 and 3 variables ([2BJ,pp, [2J, [3]) but dimension 4 remains 
mysterious. This is actually the first dimension in which the space of equivalent classes 
(modulo a change of independent and dependent variables) is a real moduli space and 
discrete classification is not possible anymore. We propose here a method to reduce 
these 4 dimensional equations to complex equations in two variables. 

In the first section, we recall the Lychagin correspondence between Monge- Ampere 
equations and effective forms on the phase space and we describe briefly classification 
results in dimension 2 and 3. In the second section, we assume that the phase space 
is endowed with an extra compatible complex structure and we define the notion 
of complex solution. We explain why complex solutions of a given Monge- Ampere 
equation depend only of its bicffcctivc part. In the third section we use this method 
to construct explicit complex solutions of the special lagrangian equation, the real 
Monge- Ampere equations and the Plebanski equations. 

1 Monge- Ampere operators and differential forms 
1.1 An example: the special lagrangian equation 

Let O = — (dz\ A dzi + . . . + dz n A dz^) be the canonical Kahler form on C" and 

a = dz\ A ... A dz n be the complex volume form. A special lagrangian submanifold is 
a real n-submanifold L which is lagrangian with respect to fi and which satisfies the 
special condition 

Im(a)\ L =0. 

These submanifolds, introduced by Harvey and Lawson in their famous article 
Calibrated Geometries (|12j) are minimal submanifolds of C™, and more generally of 
Calabi-Yau manifolds, transverse in some sense to complex submanifolds. They have 
been extensively studied after the construction proposed by Strominger, Yau and 
Zaslow (|27]1 of mirror partners of Calabi-Yau manifolds based upon an hypothetic 
special lagrangian fibration. 

Some examples have been given by many people. We can cite for example Harvey 
and Lawson ([T2]), Joyce ([IB], [H], [10], EE] G2) and Bryant (0, [7], 0). 

For every smooth function / on R", the graph 

Lf = {(q + i^),q€R n } 

is a lagrangian submanifold of C". The special lagrangian condition becomes then a 
differential equation on /, called the special lagrangian equation: 

• n = 2: A/ = 

• n = 3: A/ — hess / = 

• n = 4: A/ — hessi / — hess2 / — hess3 / — hess4 / = 

with A/ the Laplace operator, hess / the determinant of the hessian matrix and 
hessi / the (i, i)-minor of the hessian matrix. 

The Monge- Ampere operators theory developed by Lychagin ([25]) generalizes 
this correspondence between "calibrated" lagrangian submanifolds of M 2n and Monge- 
Ampere equations on R™. 
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1.2 The Monge-Ampere operators theory 

Let M a n-dimensional manifold and T*M its cotangent bundle endowed with the 
symplectic canonical form il £ 2 (T*M). Denote by q — (qi, . . . ,q n ) a coordinates 
system on M and (q,p) the corresponding Darboux coordinates system on T*M such 
that 

£1 = dqi A dpi + . . . + dq n A dp n . 

Let uj € 0™(T*M) bean- differential form on the 2n dimensional manifold T*M . 
The Monge-Ampere operator A w : C°°(M) -> fi n (M) is defined by 

M/) = (4f)» 
where df : M — > T*M is the differential of the smooth function /. 

a) A regular solution of the MA equation A w = is a smooth function / on M such 
that A w (/) = 0. 

b) A generalized solution is a lagrangian submanifold L of (T*M, fl) on which vanishes 
the form uj: 

n\ L = and u\ L = 0. 

Note that a lagrangian submanifold of T*IR ra which projects isomorphically on R" 
is the graph of an exact form df : 1" — > T*W l . Hence, a generalized solution can 
be thought of as a smooth patching of local regular solutions. 

c) Two MA equations A Wl = and A W2 = are said (locally) equivalent if there 
exists a (local) symplectomorphism F : (T*M,ft) — > (T*M,Q) such that 

F*(a>i) = uj 2 . 

The symplectomorphism F transforms a generalized solution of A W2 = into a 
generalized solution of A Wl = but regular solutions are not preserved. 

For any (n — 2)-form 9, the equations A w = and A w+ e A si = have the same 
solutions. We need also to introduce effective n-forms, which satisfy 

n a lo = o 

and the so-called Hodge-Lepage- Lychagin theorem ([25]) establishes a one-to-one cor- 
respondence between effective forms and MA operators: 

Theorem (Hodge-Lepage-Lychagin). a) Every n-form u> can be uniquely decomposed 

uj = ujq + oj% A il with luq effective 

b) Two effective n-forms which vanish on the same lagrangian subspaces are propor- 
tional. 

Example. Consider the 2-dimensional equation 

hess / = 1 . 

The corresponding effective form is uj = dpi A dpi — dq\ A dqi which is transformed 
into 9 = dpi A dqi + dqi A dpi by the partial Legendre transformation 

* : (<?!) 92, Pi, P2) i-> (qi,pi,pi,~qi) 
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Hence, hess/ — 1 is equivalent to the Laplace equation Af = 0. Choose then any 
harmonic function, for example /(91, 92) = e 91 cos(<72)- We obtain a generalized solu- 
tion 

L = {(<?!, -e qi sin(g 2 ),e 91 cos(<? 2 ), -q 2 ); 0?i,q 2 ) € R 2 }- 
which is, on an open subset, the graph of the non trivial regular solution 



u(h,t 2 ) = t 2 arcsin(£ 2 e u ) + ye 2 * 1 - t\. 

We know from Jorgens theorem that this regular solution can not be defined on the 
whole plane. 

1.3 Classification results for n = 2 and n = 3 

In 1874, Sophus Lie raised the question of linearization of Monge- Ampere equations: 
when a given equation is equivalent to a linear one ? In the formalism of Monge- 
Ampere operators, this problem turns into a problem of the Geometric Invariant 
Theory. Studying action of the symplectic group on effective forms, a complete classi- 
fication of equivalence classes of Monge- Ampere equations (with constant coefficients) 
has been obtained in [25J for n — 2 and in [33] and [2] for n = 3. 

For n = 2, every MAE with constant coefficient is linearizable (table [T]). 



A w = 






Geometry 


Af = 


dqi A dp2 — dq 2 A dpi 


1 


K = -1 


□/ = o 


dqi A dp 2 + dq 2 A dpi 


-1 


4i = i 




dqi A dp 2 





Al=0 



Table 1: Classification of 2-dimensional MAE 

Here, the pfaffian pf(w) is the scalar defined by w A w = pf(w) f2 A fl and A u 
is the tensor defined by w(- , ■) = Q(A U - , •). It is a complex structure for the 
elliptic equation and a product structure for the hyperbolic equation. It is explained 
in [3] how this unifying geometry coincides, in the particular dimension n — 2, with 
the famous generalized complex geometry introduced by Hitchin (|15|) and Gualtieri 

For n = 3, there are three non linear Monge- Ampere equation: the real one, the 
special lagrangian one and the pseudo special lagrangian one (tabled). 

In this table, e(g UJ ) is the signature of the Lychagin-Roubstov metric (see |26| ) 
defined by 

g u {X, Y)fl 3 = l x (u) A l y (uj) A n, 
and A u is the Hitchin tensor ([H]), defined for effective 3-forms by 

flUAr , •) = «(■ , •)• 

It is explained in [I] how these invariants define a geometry of real or complex Calabi- 
Yau type. 

For dimensions 2 and 3, the quotient space of Monge- Ampere equations for the 
action of symplectic linear group G — Sp(2n, K) is thus a discrete space. More 
generally, a Monge- Ampere equation corresponds to a conformal class of an effective 
form uj. The orbit G ■ oj of this form is isomorphic to the quotient G/G^ where 
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A w = 


e(ffu,) 


4 


1 


hcss(/) = 1 


(3,3) 


^ = 1 


2 


A/ - hess(/) = 


(0,6) 


Al = -l 


3 


□/ + hess(/) = 


(4,2) 


Al = -l 


4 


A/ = 


(0,3) 


Al = 


5 


□/ = 


(2,1) 




6 


A 92 , 93 / = 


(0,1) 




7 


n« 2 , g3 / = o 


(1,0) 


Ai = o 


8 


= o 


(0,0) 


Al=0 



Table 2: Classification of 3-dimension MAE 

G u = {F E G,F*uj = u)} is the stabilizer. For n = 4, the dimension of the group 
G = Sp(8, R) is 36, and dimension of the effective 4-forms space is 42. Dimensions of 
some stabilizers have been computed in [S] (table [3]) 



Equation 


Stabilizer's dimension 


SLAG 


15 


hess(/) = 1 


15 


Plcbanski I 


13 


Plcbanski II 


14 


Linear 


> 16 



Table 3: Stabilizers of some 4-dimensional MAE 

Hence, generic orbits are 21-dimensional in a 42-dimensional space and 21 param- 
eters are needed to describe the quotient space. 

2 Complex solutions and bieffective forms 
2.1 Complex solutions 

A complex structure JJ on manifold T*M is said to be compatible with symplectic 
form £1, if flj = f2(J- , •) is a 2-form. The complex 2-form 0j = fi — is then a 
complex symplectic form. 

In Darboux coordinates, such a compatible complex structure writes as 

{B l = -B, C* = -C 
A 2 + BC= -1 
AB + BAt = 
AC + CA l = 

As in generalized complex geometry, there are two important families: 
A \ 

A 1 ) w ^ n A a complex structure on M 



and 





e- L 



with 8 a symplectic form on M 
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Definition. Let A w = be a MAE on M and let J be a compatible complex structure 
on T*M. A JJ-complex solution is a lagrangian and J-complex submanifold L of T*M 
on which uj vanishes: 

ft| L = 0; JL = L; u\ L = 

It is worth mentioning that the condition "complex lagrangian" is equivalent to 
the condition "real bilagrangian" as it is proved in [To] . 

Proposition (Hitchin). Let (N,£li -\-ifl2) be a complex symplectic manifold of com- 
plex dimension 2m. A real 2m- dimensional submanifold is a complex lagrangian sub- 
manifold if and only it is lagrangian with respect to Q,\ and £1%. 

Example. Let us identify C 4 with H 2 endowed with the three complex structures L , J 
and K . We still denote by Q the L - Kahler form, flj = Q( J- , •) and Qk = Q(K- , •). 
Then Q—iilj is a J-complex symplectic form and it is well known that every J-complex 
lagrangian submanifold is special lagrangian. 

In the formalism of Monge- Ampere operators, this can be seen very simply. It is 
actually straightforward to check that the special lagrangian form writes as 

Im(a) = flj A VL K 

and therefore, if Q\l = and = then Im(a)|i = 0. 

2.2 Bieffective forms 

Two MAE A w = and A w+ e lA n+e 2 AO, = have the same JJ-complex solutions. To 
understand this complex reduction, we need then to construct the bieffective part of 
uj. This is the goal of this section. 

Let V be a complex symplectic space of real dimension Am endowed with a complex 
symplectic form = Oj +iQ,2- Denote by A k (V*) the space of real fc-forms on V and 
A p ' q (V*) the space of (p, <;)-complex forms, such that 

A k {V*)®C= A™(V*) 

p+q=k 

Let us introduce for j = 1, 2 the operators Tj and _Lj defined by 

!T 3 9 = 6 A fij 
.LjO — Lx n . (6) with Xfij the unique bivector satisfying ilj(X^ j ) = 1 
They have the following properties (\25\) 

a) ±j : A k (V*) ->■ A k - 2 (V*) is into for k > 2m + 1 

b) Tj : A k (V*) A k+2 (V*) is into for jfe < 2m - 1 

c) [Tj,Tj}(6) = (2m - k)0 for 6 G A fc <y*). 

A A;-form 9 is said to be fij-effective if TjO = 0. For k = 2m, this is equivalent to 
Tjd = 0. 

Let H = [J_i,Ti] = [J_2,T2] and M — [J_2,Ti]. We get then the complete list of 
so-called Lichnerowicz operators which satysfy the following (see [S]): 
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Proposition (Verbitsky - Bonan). 

[±i,T 1 ]=H [± 2 ,T 2 ]=H 

[±!,T 2 ] = -M [J. a ,T 1 ] = M 

[±i,J-a] = [Ti,T 2 ]=0 

[± 1 ,H] = -2±i [± 2 ,H]=-2± 2 

[T 1 ,H] = 2T 1 [T 2 ,H]=2T 2 

[U,M] = -2± 2 [± 2 ,M] = 2± 1 

[T 1; M] = -2T 2 [T 2 ,M] = 2T 1 
[H, M] = 

We obtain then a representation of the Lie algebra sl(2, C)(g)s/(2, C) on A*(V*)(g)C, 
defining 

'Ei = (E 2 = ±(±i-i±2) 

Fi = |(T 1 -iT 2 ) {F 2 = \{T l +iT 2 ) 

H 1 = \{H + iM) \H 2 = \{H-iM) 

Representation theory of Lie algebras gives us the existence and uniqueness of 
bieffective part of a 2m-form. 

Theorem 1 ([4 j). Every 2m- form u S A 2m (V*) can be decomposed into a sum 

U! = U!q + Ul A f^l + U! 2 A il 2 

with ujq bieffective, that is ujq A 57 1 = = lo$ A f2 2 . Moreover the bieffective part ujq is 
unique. 

Proof. From Weyl's theorem, we know that A*(V*)(g>C decomposes as a unique direct 
sum of irreducible subspaces. Let W such an irreducible subspace. Since H\ and H 2 
commute, they admit a common eigenvector x € W. But E\E\x is also a common 
eigenvector. Their exist then p and q such that z = E\E\x is a primitive vector, that 
is E\z = E 2 z — 0. Therefore, W — Qz and every vector w in W writes as 

w = ^a ]k F J l F 2 k z 

We deduce that every 2m-form can be uniquely decomposed into a finite sum 
w = ^2(a jk + ij3 jk ) A (fii + in 2 ) j A (fi a - ift 2 ) fe 

with ajfc and primitive. Noting now that 2m- primitive forms are the bieffective 
forms we obtain the result. □ 

We give now an explicit formula for 4m = 8, which can be easily implemented on 
a computer. 

Proposition. In dimension 8, the bieffective par wo of a A-form lj is 

uio = 0- ^{t 2 ± 2 8 + Ti-Ufl - jM(M9 - Tx± 2 6 + T 2 ±i9)} 

where 

(31>-±fo/) a _ i-i-L 2 q; _ (3_L|w~Tfw) 2 
64 1 8 64 2 
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Proof. We know that 

CO = Ld + LJi A ill + ^2 A fl 2 + WnOi A ill + W12O1 A f^2 + U 22 Q 2 A ^2, 

with w , and cj 2 primitive. Using Verbiski-Bonan relations, we obtain 
_l_icj = 2wi — Mlo 2 + (6wn + 2^22)^1 + 2cji 2 f2i 

and then 

= 24wn + 8w 2 2 J-2-L1W = 8wi2- 
Starting from _L 2 cj we obtain also 



l\uj = 8wn + 24w22- 



Therefore, 



3_L?w - ±|w 3±|w - _L?w J-1-L2W 
wn = ^ , ^22- ^ , ^12 = ^— • 

Define now 9 = uj + oj\ A fii + cj 2 A cj 2 . Since J_i0 = 2wi — Mw2 and _L 2 # = 
Moj\ + 2uj 2 , we deduce that 

MTicji = [M, Ti]wi + TiAfwi = 2T 2 wi + Ti(_L 2 # - 2w 2 ) = 2T 2 o;i - 2Tiw 2 + Ti_L 2 # 
and similarly 

MT2W2 = 2T 2 wi - 2T1W2 - T 2 ±i6. 

and therefore 

M9 = MT1W1 + MT2W2 = 4(T 2 wi - Tiw 2 ) + Ti_L 2 # - T 2 _Li0. 
Moreover, the computation of M(T 2 wi — T1W2) gives 

M(T 2 cji - Ticj 2 ) = -4(TiWi + T 2 cj 2 ) + T 2 -L 2 + Ti_Li0. 

Finally, 

M 

4(wi A fti + lo 2 A 2 ) = T2-L26' + Ti±i6» - —{M9 - Ti_L 2 + T 2 _Li0). 

□ 

2.3 Action of the complex symplectic group 

For simplicity, we restrict now to complex dimension 4: V is a 4-dimensional complex 
vector space endowed with a complex symplectic form 6 = fl\ + iVL 2 . The space of 
real bieffective 4-forms is 

^%e(V*) = {ojE A 4 (V*), oj A S1 1= uA!] 2 =0}. 

Let A ' (V*) be the 5 - dimensional complex vector space of (2, 0)-complex forms 
which are effective with respect to = fii + iQ 2 - 

A 2 Q '°(V*) = {9e A 2 >°(V*), 9 A 9 = 0} 

The exterior product is non degenerate on Ajy°(F*) and it defines a non degenerate 
symmetric inner product 

< 0i,02 > 6 2 = Si A 02 • 
We are going to identify bieffective forms with hermitian forms on Aq'°(V*). 
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Definition. The hermitian form Q w on C 5 = Aq : °(V^*) associated with a bieffective 
4-form uj is: 

Q«(0i,0a) (B A 9) 2 = lu A 61 A~02 . 

Theorem 2. TTie map 

*-%e(V) -> ««(5) 

is an isomorphism. 

Moreover, the group 5p(4, C)/7*2 identifies with 5*0(5, C) and iis action on A.% E {V*) 
is the Hermite action o/50(5,C) on su(5). 

Proof. We prove first that k BE {V*) = A%'°(V*) ® Ao'°(V*). Let uj <= A^ £ ,(V*) and 
consider its decomposition 

CJ = CJ 40 + W31 + UJ 2 2 + Wl3 + ^04 

wit h w p9 € AP'«(V*). Since _L C : AP'«(V*) AP- 2 <9(y*) is into for p > 3 and 
_L C : A P - 9 (V**) -J- AP'«- 2 (V*) is into for q > 3, and since _L c w = -Lew = 0, we deduce 
that u € A 2 ' 2 . But 

Ker (j_ c : A 2 ' 2 -> A ' 2 ) = A 2 ' ^*) ® A ' 2 

so 

Ker (_L C ) n Ker (l^j = A 2 '°(F*) © A 2 '°(V*)- 

We deduce that A BE (V*) and su(5) have same dimension. Since u) is 
injective, this is an isomorphism. 

Now, the action of 5p(4,C) preserves this symmetric product, with kernel Z2. 
Since dimc(Sp(4,C)) = 10 = dime (50 (5, C)), we deduce that 

5p(4,C)/Z 2 = 50(5, C). 

Moreover, we have 

QW0i,02)(0 A 6) 2 = F*(w) A 0i A £3" = uj A (F _1 )*(^i) A (F _1 )*(#2~) 

so 

Qf^ =T^ t Q UJ F-\ 

□ 

This action is completely described by Hong in [T7]. Let us briefly explain this 
result. Let Q be a hermitian matrix and define the canonical form of Q as a direct 
sum of three hermitian matrices: 

J(Q) = H P (Q) ® K N (Q) ® K C (Q) , 
which are obtained from Jordan blocks of Q as follows: 

a) Hp{Q) = H mi (Xi) © ... © H mp (X q ), where all A, > and A 2 are the positive 
eigenvalues of 00* • 

b) Km{Q) — K^ ni (jJLi) © ... © H 2 n r (^r), where all p,{ > and —it 2 are the negative 
eigenvalues of QQ* . 
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c) K C (Q) = L 2kl (£1) © • • ■ © L 2kg (£«), where are the non real eigenvalues of QQ f , 
with 





iH n (/j,) 



-iH n (jj,) 








o 



and 



/o 










1 


2A\ 






1 










°\ 










1 


2A 


1 




-1 





1 














1 


2A 


1 





+ i 




-1 





1 








1 


2A 


1 












-1 





1 





1 


2A 


1 




















-1 





1 


\2A 


1 














\o 










-1 


0/ 



2H m (X) 



Theorem (Hong). Let Q be a hermitian matrix. Then there exists F complex or- 
thogonal and e — (ei, . . . , e p ) with = ±1 such that F QF = J 6 (Q) with 

J £ (Q) = H £ p(Q)®K N (Q)®K c (Q) = (eiff roi (Ai)8. . .®£ P H mp (X q fj®K N (Q)®K c (Q) 

It is therefore difficult to give a complete classification of all possible complex re- 
ductions. Nevertheless, to characterize the orbit of a bieffective form to, it is necessary 
to know 

a) the signature e(Q LU ) of Q u , 

b) the spectrum of Qu>Qt- 

and it will be sufficient for the examples we are interested in. 



3 Some examples in dimension 4 

3.1 The choice of the complex structure 

The crucial point in this method is the choice of the compatible complex structure, 
which should depend on the initial Monge- Ampere equation. We choose here five 
simple complex structures, and give a corresponding complex Darboux coordinates 
system (-21,-22,^1,^2) in which 

Oj = SI — iOj = dzi A du\ + dz 2 A du 2 

The initial coordinate systems on T*R is still (q,p) with 

il = dqi A dpi + dq 2 A dp 2 + dq% A dp 3 + dq± A dp±. 



We define 

/0 
1 




A = 





-1 
0/ 



A 



/o 
1 












1 
-1 0/ 



(l 


-2 


o\ 


1 


-1 








1 


-2 


Vo 


1 


-v 



and 



J = 



A 
A 1 



Z\ = q\+ iq 2 
z 2 = q3 + iqi 



m=pi- ip 2 

U 2 =P3- ip4 
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K 



J = 



K = 



A 

A 

A 

A* 

A 

A 



zi = qi + ip2 u x = iq 2 + pi 
Z2 = Q3 + iPi u 2 = iq 4 + Pz 



Z\ = qi + iq 2 

Z2 = qz- m 



Ml = Pl - IP2 
U2=P3+ W4 



4 2 
A l 2 



\z\=qi+ ip 2 Ui = iq 2 + Pi 
\ Z2 = <73 - iPi u 2 = -iq 4 + p 3 

Zi = qi + (-1 + i)q2 ui = (1 - i)pi - ip 2 
Z2 = <?3 + (-1 + i)qi U2 = (1 - i)P3 - iPi 



J 2 = 

3.2 Simple equations 

Here is a non exhaustive list of simple complex Monge- Ampere equations which will 
be our model equations. Function is a holomorphic function in (z\,z 2 ) and we note 
, fc= 
1 dzjdzk 





A w = 


spectrum(Q w Q^) 


(1,0) 


|0n| 2 = 

|012| 2 = 


(0,0,0,0,0) 
(1,0,0,0,0) 




I01l| 2 = l 


(0,0,0,0,0) 


(1,1) 


I012| 2 = l 


(1,0,0,0,0) 




I 2 ~ 1022 | 2 = 


(-1,-1,0,0,0) 


(2,0) 


|0ii|" + |(Ai2| 2 = o 

|^ll| 2 + |022| 2 =0 


(1,0,0,0,0) 
(1,1,0,0,0) 


(2,1) 


|^ll| 2 + |012| 2 = 1 
012 +012~- 1^11 1 2 = 


(1,0,0,0,0) 
(0,0,0,0,0) 



Table 4: Simple complex Monge- Ampere equations 



3.3 Examples 

We study now the special lagrangian equation, the two real Monge Ampere equations 
hess/ = ±1, the two Plebanski equations and the Grant equation. The corresponding 
effective forms on (T*R 4 ,f2) are: 

uslag = Im (dqi + idpi) A (dq 2 + idp 2 ) A (dq 3 + idp 3 ) A (dq 4 + idp 4 )) 
ujh+ = dpi A dp 2 A dp3 A dp 4 — dqi A dq 2 A dq% A dq 4 
ujh- = dpi A dp 2 A dps A dp 4 + dqi A dq 2 A dq% A dq 4 
cupi = dqi A dq 2 A dpi A dp 2 — dqi A dq 2 A dq$ A dq 4 

uipu = dqi A dq 2 + dq 3 A dp 2 + dqi A dq 2 A d<74 A dpi + dq 3 A c?g4 A dpi A 
cjg = dq 2 A c?<73 A <i<74 A dpi — dqi A dq% A dpi A <ip3 
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We compute for the five compatible complex structures defined above the bieffec- 
tive part of these forms and the signature of the hermitian form associated with. 



Equation 


J 


K 


J 


K 


J 2 


SLAG 














(1,1) 


hess(/) = 1 


(1.1) 





(1,1) 





(1,1) 


hess(/) = -1 


(2,0) 


(3,2) 


(2,0) 


(3,2) 


(2,0) 


Plebanski I 


(2,0) 


(3,2) 


(1,1) 


(3,2) 


(2,0) 


Plebanski II 


(2,1) 


(3,2) 


(1,0) 


(3,2) 


(2,1) 


Grant 


(3,2) 


(3,2) 


(3,2) 


(3,2) 


(3,2) 



Table 5: Examples 

This method fails for the Grant equation, at least for this choice of complex struc- 
tures: signature is always (3,2) and the corresponding complex equation is therefore 
fully non degenerate. We study the other cases in more details. 

3.3.1 Special lagrangian equation 

As, we have seen the special lagrangian form ujslag has no bieffective part for J and 
for K since 

USLAG = ^.7 A VLk 

This is the same for any complex structure JJ — F~ 1 JF with F in S£/(4), since 

^slag = F*uj S lag = F*Qj A F*Q K — fl F -ij F A fl F -i KF 

This explains why ujslag does not have bieffective part also for J and K. 

This is the reason of the choice of J 2 : we were looking for a simple complex 
structure which is not in so(8). In the complex Darboux coordinates system, the 
bieffective part is 

^sEag = 7r{(l + 2i)d^i A dz 2 A dzj A du^ + (-1 - 2i)dz 1 A dz 2 A dz^ A dul 
8 ^ 

+ (1 - 2i)dz 1 A du 2 A dzj A dz^ + (1 + 2i)dzi A du 2 A dW[ A du^ 
+ (— 1 + 2i)dz\ A dui A dz\ A dz^ + (—1 — 2i)dz 2 A du\ A du\ A du^ 

+ (1 - 2i)dui A du 2 A dzj A du^ + (-1 + 2i)dui A du 2 A dz^ A cRTf j 
and this is straightforward to check that 

^slag = { dz i A du 2 A dZ[ A dUl - dZ 2 A dUi Nd~Z~ 2 N dTT^ 
where [Z\, Z 2l U\, U 2 ) is the complex Darboux coordinates system 

azi + a~ 1 ui azi — 

^1 = ~~f^ — ; U\ = - 



iV2 



Zo = 



az 2 — a u 2 



V2 



a 2 = 



; u 2 = 

l + 2i 



iV2 
az 2 + a~ 1 u 2 
V2 



We obtain then the following result: 
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Proposition 1. Let cf> be a holomorphic solution of 



d 2 <f> 


2 


d 2 (j) 


dzf 




dz 2 



= 



and let La, be the submanifold La, — {(zi,Z2, t; — , — )| C C 4 . 

k oz\ oz 2 

Then F" 1 ^^) is special lagrangian in (T*R 4 ^VL^luslag) where F(q,p) = (z,u) 



with 



Z2 



u 2 



aqi + (-1 + i)aq 2 + (1 — i 



iV2 

®q3 + (-1 + i)aq4 — (1 — i 



V2 

a<7i + (-1 + i)otq-2 - (1 - i 



iV2 

"93 + (-1 + i)aq4 + (1 — i 



a 1 p\ — ia 1 p 2 



a l p 3 + ia x p 4 



a 1 pi + ia 1 p 2 



a x pz — ia 1 p4 



V2 



3.3.2 Real Monge-Ampere equations 

For every holomorphic function (j) — f + ig : C 2 — > C, we have 

hess K / = |hess c 0| 2 

so for J, J and J 2 , which come from complex structures on R 4 , the complex reduction 
of hcss / = ± 1 are 



hess0| = ±1 



which are equivalent to 



d 2 ip 


2 


= ± 


9 2 V 


dzf 




dz 2 



For example, for J, the corresponding symplectomorphism is the partial Legendre 
transform 

G(zi,z 2 ,m,u 2 ) = (u 1 ,z 2l -zi,u 2 ) 
We obtain then the following results: 
Proposition 2. Let <fi be a holomorphic solution of 

2 

= 



d 2 (f> 


to 


d 2 (f> 


dzf 




dz 2 



Then G 1 (La > ) is a generalized solution o/hess/ = 1 with 

G(<1,P) = (Pi ~ iP2, <73 + iQ4, ~qi - iq2,P3 - ipi) 

Proposition 3. Let cf> a holomorphic function of the form (j}(z\,z 2 ) = a{z\)b{z 2 ). 
Then G~ 1 {La,) is a generalized solution o/hess / = —1. 

Moreover, we see in table 5 that ojh+ has no bieffective part for K and K. We 
get immediately Proposition 4: 

Proposition 4. Any complex lagrangian surface in (T*R 4 , fi, K) or (T*R 4 , fl, K) is 
a generalized solution of hcss / = 1 . 

This result is underlying the strong relationship there is between special lagrangian 
geometry and "real special lagrangian" geometry or "split special lagrangian geome- 
try" , as described in (T3] . 
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3.3.3 Plebanski equations 

Computing the bieffective part of wpj, we obtain that the J-complex reduction of 
Plebanski I equation is 

|<M 2 = -i 

which is equivalent up the partial Legendre transform G to 

hM 2 + hM 2 = 

Proposition 5. Let a holomorphic function of the form <f)(z\,z 2 ) — az\ + b{z 2 ). 
Then G~ 1 (L ( f ) ) is a generalized solution of Plebanski I equation. 

Similarly, the J-complex reduction is 

l<M 2 = i 

Proposition 6. Let <ft a holomorphic function on (R 4 , A) of the form 

(f)(zi,z 2 ) = z x z 2 + a(zi) + b(z 2 ). 
Then its real part is a regular solution of Plebanski I equation. 

Finally, same computations give analog results for Plebanski II equation: 
Proposition 7. Let <fi a holomorphic function on (R 4 , A) of 

<f>12 +fa~2 + 1^11 1 2 = 

Then its real part is a regular solution of Plebanski II equation. 
Proposition 8. Let <fi a holomorphic function on (R 4 , A) of the form 

<j>{zi,z 2 ) = a(z 2 ) + b(z 2 )z x . 
Then its real part is a regular solution of Plebanski II equation. 

Conclusion 

Studying geometry of 4-bieffective forms on R 8 , we have reduced important equations 
in Physic to simple - but non empty - complex equations. 

This has been done for arbitraries complex structures. It would be interesting 
now, for a given equation in four variables, to study all possible compatible complex 
structures and to parameterize in this way analytical solutions by pair of compatible 
complex structures on R 8 , and holomorphic functions on C 2 . Note that bieffective 
part still exists for 2m-forms on R 4m and such a parametrization should also exist for 
equations with 2m variables. 

A more global approach would be also interesting. We have considered only com- 
plex structures with constant coefficients but our decomposition theorem remains 
valid on a complex symplectic manifold. This suggests to understand "Monge- Ampere 
calibrations" on complex symplectic manifolds as a generalization of the special la- 
grangian calibration on HyperKahlcr manifolds. 
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, Abstract 

We describe a method to reduce partial differential equations of Monge- 
Ampere type in 4 variables to complex partial differential equations in 2 vari- 
ables. To illustrate this method, we construct explicit holomorphic solutions 
of the special lagrangian equation, the real Monge- Ampere equations and the 
Plebanski equations. 
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^ ; Introduction 

' A Monge- Ampere equation is a partial differential equation which is non linear in a 
i-^h , very specific way: its nonlinearity is the determinant one. In two variables, Mange- 
ls ' Ampere equations are 



8 2 f 8 2 f 8 2 f /8 2 f d 2 f d 2 f 



8q\ dq\dqi 8q\ \8q\ 8q\ 8q\8q2 



where coefficients A, B, C and D are smooth functions on jet space J^R 2 . An 
^vq , important subfamily is the family of "symplectic" Monge-Ampere equations, when 

\Q ■ coefficients are assumed to be smooth functions on cotangent space T*R 2 . Contact 

geometry is then replaced by symplectic geometry. In this work, we will only consider 
Monge-Ampere with constant coefficients which fall in this symplectic subfamily. 

In higher dimensions, a Monge-Ampere equation is a linear combination of the 
minors of the hessian matrix 



\oqjdqkJ j,k=i...n 



As examples in dimension 4, we will cite the famous special lagrangian equation 
described by Harvey and Lawson, or Plebanski equations and Grant equation obtained 



by reduction of Yang-Mills equations and Einstein equations 
8 2 f d 2 f d 2 f d 2 f 



8x18x3 8x28x4 8x18x4 dx2dx 
d 2 f d 2 ( d 2 f \2 d 2 f d 2 f 



= 1 (Plcbanski I equation) 

= (Plebanski II equation) 



dx\dx\ \dx1dx2' 8x28x4 8x18x3 
8 2 f 8 2 f 8 2 f 8 2 f 8 2 f n 

"ST + ^ — 5 — a — 5 a — a — "5 — 5 — = (Grant equation) 

I 8xf 8x18x2 8x38x4 8x18x4 8x28x3 
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After the seminal paper of Lychagin ([25J), geometry of Monge- Ampere equations 
is quite well understood in 2 and 3 variables ([2BJ,pp, [2J, [3]) but dimension 4 remains 
mysterious. This is actually the first dimension in which the space of equivalent classes 
(modulo a change of independent and dependent variables) is a real moduli space and 
discrete classification is not possible anymore. We propose here a method to reduce 
these 4 dimensional equations to complex equations in two variables. 

In the first section, we recall the Lychagin correspondence between Monge- Ampere 
equations and effective forms on the phase space and we describe briefly classification 
results in dimension 2 and 3. In the second section, we assume that the phase space 
is endowed with an extra compatible complex structure and we define the notion 
of complex solution. We explain why complex solutions of a given Monge- Ampere 
equation depend only of its bicffcctivc part. In the third section we use this method 
to construct explicit complex solutions of the special lagrangian equation, the real 
Monge- Ampere equations and the Plebanski equations. 

1 Monge- Ampere operators and differential forms 
1.1 An example: the special lagrangian equation 

Let O = — (dz\ A dzi + . . . + dz n A dz^) be the canonical Kahler form on C" and 

a = dz\ A ... A dz n be the complex volume form. A special lagrangian submanifold is 
a real n-submanifold L which is lagrangian with respect to fi and which satisfies the 
special condition 

Im(a)\ L =0. 

These submanifolds, introduced by Harvey and Lawson in their famous article 
Calibrated Geometries (|12j) are minimal submanifolds of C™, and more generally of 
Calabi-Yau manifolds, transverse in some sense to complex submanifolds. They have 
been extensively studied after the construction proposed by Strominger, Yau and 
Zaslow (|27]1 of mirror partners of Calabi-Yau manifolds based upon an hypothetic 
special lagrangian fibration. 

Some examples have been given by many people. We can cite for example Harvey 
and Lawson ([T2]), Joyce ([IB], [H], [10], EE] G2) and Bryant (0, [7], 0). 

For every smooth function / on R", the graph 

Lf = {(q + i^),q€R n } 

is a lagrangian submanifold of C". The special lagrangian condition becomes then a 
differential equation on /, called the special lagrangian equation: 

• n = 2: A/ = 

• n = 3: A/ — hess / = 

• n = 4: A/ — hessi / — hess2 / — hess3 / — hess4 / = 

with A/ the Laplace operator, hess / the determinant of the hessian matrix and 
hessi / the (i, i)-minor of the hessian matrix. 

The Monge- Ampere operators theory developed by Lychagin ([25]) generalizes 
this correspondence between "calibrated" lagrangian submanifolds of M 2n and Monge- 
Ampere equations on R™. 
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1.2 The Monge-Ampere operators theory 

Let M a n-dimensional manifold and T*M its cotangent bundle endowed with the 
symplectic canonical form il £ 2 (T*M). Denote by q — (qi, . . . ,q n ) a coordinates 
system on M and (q,p) the corresponding Darboux coordinates system on T*M such 
that 

£1 = dqi A dpi + . . . + dq n A dp n . 

Let uj € 0™(T*M) bean- differential form on the 2n dimensional manifold T*M . 
The Monge-Ampere operator A w : C°°(M) -> fi n (M) is defined by 

M/) = (4f)» 
where df : M — > T*M is the differential of the smooth function /. 

a) A regular solution of the MA equation A w = is a smooth function / on M such 
that A w (/) = 0. 

b) A generalized solution is a lagrangian submanifold L of (T*M, fl) on which vanishes 
the form uj: 

n\ L = and u\ L = 0. 

Note that a lagrangian submanifold of T*IR ra which projects isomorphically on R" 
is the graph of an exact form df : 1" — > T*W l . Hence, a generalized solution can 
be thought of as a smooth patching of local regular solutions. 

c) Two MA equations A Wl = and A W2 = are said (locally) equivalent if there 
exists a (local) symplectomorphism F : (T*M,ft) — > (T*M,Q) such that 

F*(a>i) = uj 2 . 

The symplectomorphism F transforms a generalized solution of A W2 = into a 
generalized solution of A Wl = but regular solutions are not preserved. 

For any (n — 2)-form 9, the equations A w = and A w+ e A si = have the same 
solutions. We need also to introduce effective n-forms, which satisfy 

n a lo = o 

and the so-called Hodge-Lepage- Lychagin theorem ([25]) establishes a one-to-one cor- 
respondence between effective forms and MA operators: 

Theorem (Hodge-Lepage-Lychagin). a) Every n-form u> can be uniquely decomposed 

uj = ujq + oj% A il with luq effective 

b) Two effective n-forms which vanish on the same lagrangian subspaces are propor- 
tional. 

Example. Consider the 2-dimensional equation 

hess / = 1 . 

The corresponding effective form is uj = dpi A dpi — dq\ A dqi which is transformed 
into 9 = dpi A dqi + dqi A dpi by the partial Legendre transformation 

* : (<?!) 92, Pi, P2) i-> (qi,pi,pi,~qi) 
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Hence, hess/ — 1 is equivalent to the Laplace equation Af = 0. Choose then any 
harmonic function, for example /(91, 92) = e 91 cos(<72)- We obtain a generalized solu- 
tion 

L = {(<?!, -e qi sin(g 2 ),e 91 cos(<? 2 ), -q 2 ); 0?i,q 2 ) € R 2 }- 
which is, on an open subset, the graph of the non trivial regular solution 



u(h,t 2 ) = t 2 arcsin(£ 2 e u ) + ye 2 * 1 - t\. 

We know from Jorgens theorem that this regular solution can not be defined on the 
whole plane. 

1.3 Classification results for n = 2 and n = 3 

In 1874, Sophus Lie raised the question of linearization of Monge- Ampere equations: 
when a given equation is equivalent to a linear one ? In the formalism of Monge- 
Ampere operators, this problem turns into a problem of the Geometric Invariant 
Theory. Studying action of the symplectic group on effective forms, a complete classi- 
fication of equivalence classes of Monge- Ampere equations (with constant coefficients) 
has been obtained in [25J for n — 2 and in [33] and [2] for n = 3. 

For n = 2, every MAE with constant coefficient is linearizable (table [T]). 



A w = 






Geometry 


Af = 


dqi A dp2 — dq 2 A dpi 


1 


K = -1 


□/ = o 


dqi A dp 2 + dq 2 A dpi 


-1 


4i = i 




dqi A dp 2 





Al=0 



Table 1: Classification of 2-dimensional MAE 

Here, the pfaffian pf(w) is the scalar defined by w A w = pf(w) f2 A fl and A u 
is the tensor defined by w(- , ■) = Q(A U - , •). It is a complex structure for the 
elliptic equation and a product structure for the hyperbolic equation. It is explained 
in [3] how this unifying geometry coincides, in the particular dimension n — 2, with 
the famous generalized complex geometry introduced by Hitchin (|15|) and Gualtieri 

For n = 3, there are three non linear Monge- Ampere equation: the real one, the 
special lagrangian one and the pseudo special lagrangian one (table [2]). 

In this table, e{gj) is the signature of the Lychagin-Rubtsov metric (see |26| ) 
defined by 

g u (X, Y)fl 3 = l x (u) A l y (uj) A ft, 
and A u is the Hitchin tensor ([H]), defined for effective 3-forms by 

flUAr , •) = , •)• 

It is explained in [I] how these invariants define a geometry of real or complex Calabi- 
Yau type. 

For dimensions 2 and 3, the quotient space of Monge- Ampere equations for the 
action of symplectic linear group G — Sp(2n, K) is thus a discrete space. More 
generally, a Monge- Ampere equation corresponds to a conformal class of an effective 
form uj. The orbit G ■ lo of this form is isomorphic to the quotient G/G^ where 
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A w = 


e(ffu,) 


4 


1 


hcss(/) = 1 


(3,3) 


^ = 1 


2 


A/ - hess(/) = 


(0,6) 


4S = -1 


3 


□/ + hess(/) = 


(4,2) 


^ = -1 


4 


A/ = 


(0,3) 


^ = o 


5 


□/ = 


(2,1) 


4S = o 


6 


A 92 , 93 / = 


(0,1) 




7 


n« 2 , g3 / = o 


(1,0) 




8 


= o 


(0,0) 


Al=0 



Table 2: Classification of 3-dimensional MAE 



G u = {F E G, F*ui = uj} is the stabilizer. For n = 4, the dimension of the group 
G = Sp(8, R) is 36, and dimension of the effective 4-forms space is 42. Dimensions of 
some stabilizers have been computed in [9] (table [3]) 



Equation 


Stabilizer's dimension 


SLAG 


15 


hcss(/) = 1 


15 


Plebanski I 


13 


Plebanski II 


14 


Linear 


> 16 



Table 3: Stabilizers of some 4-dimensional MAE 

Moreover, generic effective forms have trivial stabilizer as it is explained in |26j . 
Hence, we need between 6 and 21 parameters to describe the quotient space around 
a Monge- Ampere equation. 

2 Complex solutions and bieffective forms 
2.1 Complex solutions 

A complex structure J on manifold T*M is said to be compatible with symplectic 
form O, if flj = f2(J- , •) is a 2-form. The complex 2-form Oj = fi — ifij is then a 
complex symplectic form. 

In Darboux coordinates, such a compatible complex structure writes as 



B* = -B, C* = -C 
A B\ \A 2 + BC=-1 

C A*) Wlth \ab + BA* = 



AC + CA 1 = 

As in generalized complex geometry, there are two important families: 
A \ 

A 1 ) w ^ n A a complex structure on M 
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and 



( 



9 

9- 1 



:) 



with 9 a symplectic form on M 



Definition. Let A w = be a MAE on M and let JJ be a compatible complex structure 
on T*M. A J-complex solution is a lagrangian and J-complex submanifold L of T*M 
on which u vanishes: 



It is worth mentioning that the condition "complex lagrangian" is equivalent to 
the condition "real bilagrangian" as it is proved in [T5] . 

Proposition (Hitchin). Let (N, £l\ -\-1Q2) be a complex symplectic manifold of com- 
plex dimension 2m. A real 2m- dimensional submanifold is a complex lagrangian sub- 
manifold if and only it is lagrangian with respect to f2j and f^. 

Example. Let us identify C 4 with H 2 endowed with the three complex structures L, J 
and K . We still denote by Q the L - Kahler form, £lj = Q(J- , •) and Qk = 0(if- , •). 
Then Q— iflj is a J-complex symplectic form and it is well known that every J-complex 
lagrangian submanifold is special lagrangian. 

In the formalism of Monge- Ampere operators, this can be seen very simply. It is 
actually straightforward to check that the special lagrangian form writes as 



and therefore, if fi|j, = and = then Im(a)|i = 0. 
2.2 Bieffective forms 

Two MAE Au = and A w _|_e lA n+e 2 Anj = have the same JJ-complex solutions. To 
understand this complex reduction, we need then to construct the bieffective part of 
lj. This is the goal of this section. 

Let V be a complex symplectic space of real dimension 4m endowed with a complex 
symplectic form G = Oj +iQ,2- Denote by A k (V*) the space of real fc-forms on V and 
A p ' q (V*) the space of (p, g)-complex forms, such that 



n|i = 0; 



J L = L; 



u\l = 



Im(a) = ft j A SIk 



K k {V*)®<C= A p ' q (V*) 



p+q=k 



Let us introduce for j = 1, 2 the operators Tj and _Lj defined by 




-Lj9 — Lx n . (9) with Xo_ j the unique bivector satisfying ilj(XQ j ) = 1 



They have the following properties (|25]) 



a) ±j : A k (V*) -> A k - 2 (V*) is into for k > 2m + 1 

b) Tj : A k (V*) -+ A k+2 (V*) is into for k < 2m - 1 

c) [Tj,Tj](6) = (2m-k)9 for 9 E A k (V*). 
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A /c-form 9 is said to be fij-effective if J-jd = 0. For k = 2m, this is equivalent to 
T,9 = 0. 

Let H = [_l_i,Ti] = [_L 2 ,T 2 ] and M — [_L 2 ,Ti]. We get then the complete list of 
so-called Lichnerowicz operators which satysfy the following (see [5]): 

Proposition (Verbitskii - Bonan). 



[J-i.Ti] 


= H 


[J-2,T 2 ] 


= # 


[J-i.Ta] 


= —M 


[J-a.Ti] 


= M 


[J-i.-La] 


= 


[Ti,T 2 ] 


= 


[±i,H] 


= -2±J 


[J-a,fl] 


= -2_L 


U~i,H\ 


= 2Ti 


D~a,#] 


= 2T 2 


[U,M] 


= -2± 2 


[J-a.Af] 


= 2±! 


[Ti,M] 


= -2T 2 


[T 2 ,M] 


= 2Ti 



[if, M] = 

We obtain then a representation of the Lie algebra sl(2, C)<E)sl(2, C) on A*(V*)C3)C, 
defining 

£7i = i(±i+tJ. 2 ) f^ = i(-Li-t-L a ) 
F 1 = §(Ti-tT 2 ) \f 2 = \{T 1 + iT 2 ) 
H l = \{H + iM) [h 2 = \{H-iM) 

Representation theory of Lie algebras gives us the existence and uniqueness of 
bieffective part of a 2m-form. 

Theorem 1 ([4 ). Every 2m- form ui £ A 2m (V*) can be decomposed into a sum 

ui = loq + ui A Hi + ^2 A il 2 

with ujq bieffective, that is ujq A 51 1 = = ujq A fi 2 . Moreover the bieffective part ujq is 
unique. 

Proof. From Weyl's theorem, we know that A*(V*)(g>C decomposes as a unique direct 
sum of irreducible subspaces. Let W such an irreducible subspace. Since Hi and H 2 
commute, they admit a common eigenvector x € W . But E\E\x is also a common 
eigenvector. Their exist then p and q such that z — E\E\x is a primitive vector, that 
is E\z = E 2 z = 0. Therefore, W — Qz and every vector it) in W writes as 

j,k 

We deduce that every 2m-form can be uniquely decomposed into a finite sum 
w = ^2(a jk + ij3 jk ) A (Qi + ifl 2 y A (fi a - ifl 2 ) k 

with ctjk and primitive. Noting now that 2m- primitive forms are the bieffective 
forms we obtain the result. □ 

We give now an explicit formula for 4m = 8, which can be easily implemented on 
a computer. 
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Proposition. In dimension 8, the bieffective par loq of a 4-form lu is 

uj = 9- i{T 2 _L 2 + Ti_Li0 - ^M(M0 - Ti_L 2 (9 + T 2 J-i0)} 

where 

Q = ^_ (3±& - ± 2 2 u) 2 _ ±i± 2 c^ _ (3J>-±f^) n2 
64 1 8 64 2 

Proof. We know that 

w = cj + wi A fii + w 2 A 2 + Wnfii Afli + wi 2 Oi A 2 + cd 22 f2 2 A f2 2 , 
with cj , wi and cj 2 primitive. Using Verbitskii-Bonan relations, we obtain 
_l_icj = 2cl)i — Mcj 2 + (6wn + 2a; 22 )fii + 2cji 2 fii 

and then 

_L 2 w = 24wn + 8w 22 J_2-Liw = 8wi 2 . 



Starting from ± 2 uj we obtain also 



_L 2 oj = 8wn + 24w 22 . 



Therefore, 



3_L 2 w - L\w 3A-lu> - L\w _Li_L 2 u; 

Wll = ^ , ^22 = ^ , Wl2 = — • 

Define now = uj + uj\ A fli + u 2 A cj 2 . Since L\0 — 2loi — Mu 2 and _L 2 6> — 
Muox + 2uj 2 , we deduce that 

MTicji = [M,Ti]wi+TiMcji = 2T 2 lu 1 +T 1 (± 2 6 -2uj 2 ) = 2T 2 wi - 2T 1 uj 2 + T 1 ± 2 9 
and similarly 

MT 2 lu 2 = 2T 2 wi - 2Tiw 2 - T 2 _l_i0. 

and therefore 

M9 = MT1W1 + MT 2 w 2 = 4(T 2 o;i - Tiw 2 ) + Ti_L 2 6> - T 2 J-i0. 
Moreover, the computation of M(T 2 cji — T1W2) gives 

M(T 2 Wi - Ticj 2 ) = -4(TiWi + T 2 w 2 ) + T 2 ± 2 8 + Ti_Li<9. 

Finally, 

M 

4(wi A Oi + cj 2 A 2 ) = T 2 _L 2 <9 + Ti±ifl - — (Af<9 - TiUO + T 2 J-i0). 

□ 



8 



2.3 Action of the complex symplectic group 

For simplicity, we restrict now to complex dimension 4: V is a 4-dimensional complex 
vector space endowed with a complex symplectic form 9 = fl\ + i0 2 . The space of 
real bieffective 4-forms is 

a be(V*) = G A 4 (V*),lu A Q,i = wASl 2 =0}. 

Let Ag (V*) be the 5 - dimensional complex vector space of (2, 0)-complcx forms 
which are effective with respect to = 0\ + i0 2 : 

Ao "(O = {0 e A 2 >°(V*), A 9 = 0} 

The exterior product is non degenerate on A ' (V*) and it defines a non degenerate 
symmetric inner product 

< 0i,02 > e 2 = 6»i A 2 . 

We are going to identify bieffective forms with hermitian forms on Aq'°(1 / *). 

Definition. The hermitian form Q u on C 5 = A ' (V*) associated with a bieffective 
4-form to is: 

Qu,{0i,0 2 ) (6A6) 2 =cjA0i f\T 2 . 

Theorem 2. The map 

^be(V*) -+ su(5) 
to h-> Q u 

is an isomorphism. 

Moreover, the group Sp{A, C)/Z 2 identifies with SO(5, C) and its action on A BE (V*~) 
is the Hermite action of SO(5,C) on su(5). 

Proof. We prove first that A BE {V*) = A 2 '°(V*) <g> A 2 '°(V*). Let u e A% E (V*) and 
consider its decomposition 

U> = LU 40 + CJ31 + UJ 22 + W13 + LU 0i 

with cj P9 e AP'i(V*). Since _L C : A™(V*) -> AP- 2 '«(y*) is into for p > 3 and 
_L C : A"'«(y*) -> AP-9- 2 (T/*) is into for q > 3, and since _L c w = _L c w = 0, we deduce 
that ui € A 2 ' 2 . But 

Ker (_L C : A 2 ' 2 A ' 2 ) = A 2 °(V*) ® A°' 2 (t/*) 

so 

Ker (_L C ) n Ker (l^) = A 2 '°(T/*) ® A 2 '°(T/*). 

We deduce that A BE (V*) and su(5) have same dimension. Since to 1 — ^ is 
injective, this is an isomorphism. 

Now, the action of 5p(4, C) preserves this symmetric product, with kernel Z 2 . 
Since dimc{Sp{A, C)) = f = dimc(SO(5, C)), we deduce that 

5p(4,C)/Z 2 = 50(5, C). 

Moreover, we have 

Of« w (^i, 2 )(6 A 6) 2 = F*(w) A 0i A T 2 = u A (F- 1 )*(0i) A (F" 1 )*^) 

so 

Qf-, = F^ t Q 0J F~ 1 . 

□ 
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This action is completely described by Hong in 17 . Let us briefly explain this 
result. Let Q be a hermitian matrix and define the canonical form of Q as a direct 
sum of three hermitian matrices: 

J(Q) = H P (Q) ® K N {Q) ® K C (Q) , 

which are obtained from Jordan blocks of Q as follows: 



a) H P (Q) = H„ n (Xi) 
eigenvalues of QQ l . 

b) K N (Q) =K 2n M 
eigenvalues of QQ t . 

c) Kc(Q) = L 2kl (£ 1 )& 
with 

and 



2H m (\) 



© H mp (X q ), where all A,; > and Af are the positive 
© H 2 n r (^r), where all [n > and —/if are the negative 
L2k s (^ s ), where are the non real eigenvalues of QQ*, 



-iH n (fi) 
iH n (fj.) 





am 



H k (0 














1 


2A\ 




1 










°\ 










1 


2A 


1 


-1 





1 














1 


2A 


1 


° + 


i 


-1 





1 








1 


2A 


1 










-1 





1 





1 


2A 


1 


















-1 





1 


\2A 


1 










0/ 


\o 










-1 


0/ 



Theorem (Hong). Let Q be a hermitian matrix. Then there exists F complex or- 
thogonal and e = (e\, . . . , e p ) with = ±1 such that F QF — J e {Q) with 

J £ (Q) = H P (Q)®K N {Q)®Kc(Q) = (eiH mi (Xi)®. . .®e p H mp (\ q ) y )®K tf (Q)®K c (Q) 

It is therefore difficult to give a complete classification of all possible complex re- 
ductions. Nevertheless, to characterize the orbit of a bieffective form w, it is necessary 
to know 

a) the signature e(Q UJ ) of Q^, 

b) the spectrum of Q^Q 1 ^. 

and it will be sufficient for the examples we are interested in. 



2.4 The complex lagrangian grassmannian 

Denote by Gr w the set of all complex lagrangian planes of the complex symplectic 
space (V, 0) on which vanishes the bieffective form oj. 

The complex isomorphism : V —> A 1,a (V*) transforms a complex basis of such 
a plane L into a decomposable effective (2,0) forms 9l & Aq' ^*). Note that 0l is 
decomposable if and only if 9l AQl = 0. 

Moreover, the condition u>\l — is equivalent to the condition cj A 0l A 0l = 0. 
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Proposition. The grassmannian Gr u identifies with the real algebraic subvariety of 
P 4 (C) = P(Aq'°) defined by 

9 A 6» = and Q w (0) = 0. 

Remark. This grassmannian could be empty, for example if is positive-definite. 
It could happen therefore that the Monge- Ampere equation A w = has no generalized 
complex solution. 



3 Some examples in dimension 4 

3.1 The choice of the complex structure 

The crucial point in this method is the choice of the compatible complex structure, 
which should depend on the initial Monge- Ampere equation. We choose here five 
simple complex structures, and give a corresponding complex Darboux coordinates 
system (z\, Z2, Ui, 112) in which 

Oj = £1 — iOj = dzi A du\ + dz 2 A du 2 

The initial coordinate systems on T*M 4 is still (q,p) with 

il = dqi A dpi + dq 2 A dp 2 + dq^ A dp% + dq± A dp4. 

We define 



A = 





-1 









(0 


-1 





°\ 


1 











; A = 


1 




















-1 











1 







1 











-1 


0/ 



(I 


-2 


\ 


1 


-1 








1 


-2 




1 


-v 



and 



J = 



K 



J 2 = 



K = 

A 2 




A 

A 1 

A 

A 

A 

A* 

A 

A 





^2 



\zi=qi+ iq 2 
\ Z2 = 93 + «94 

J Zi = qi + «p 2 
\ Z2 = 93 + «P4 

\zi = 91 + iq 2 

[Z2 = 93 - «94 

21 = q\ + «P2 

/2 = 93 - «P4 

: 9i + (-1 + i)q2 
: 93 + (-1 + i)q4 



Ml 
"2 

Ml 

Ul 
U2 



Pi 

P3 



IP2 

ip 4 



- iq2 + pi 

- iq± + P3 

Pi - IP2 

P3 + iP4 



Ul = «92 +Pl 

u 2 = -iq± + P3 



Ul 

u 2 



(1 
(1 



i)Pi 
i)P3 



W2 
ipi 



11 



3.2 Examples 



We study now the special lagrangian equation, the two real Monge Ampere equations 
hess/ = ±1, the two Plebanski equations and the Grant equation. The corresponding 
effective forms on (T*R 4 ,f2) are: 



USLAG 


= Im (dqi 4 


idpi) A (dq 2 


+• idp 2 ) A (dq3 + idpz) A (dq^ 


+ idpi)) 




= dpi A dp 2 


A dp3 A dp4 - 


- dqi A dq 2 A dq% A dq± 




L0 H - 


= dpi A dp 2 


A dps A dp4 H 


- dqi A dq 2 A dq% A dq^ 




upi 


= dqi A dq 2 


A dpi A dp 2 — 


dqi A dq 2 A dq% A dq^ 




UJpu 


= dqi A dq 2 


+ dq 3 A dp 2 -+ 


dqi A dq 2 A dq^ A dpi + dq% 


A dqi A dpi A dp 2 




= dq 2 A dq 3 


A dq4 A dpi — 


dqi A dq% A dpi A dp^ 





We compute for the five compatible complex structures defined above the bief- 
fective part of these forms and the signature of the hermitian form associated with. 
These invariants are given in table [5] and have to be compared with invariants for 
simple complex equations given in table 01 

d 2 cj) 

In table 31 is a holomorphic function in (zi, z 2 ) and we note 4>jk — — ^ — ■ 





A w = 


spectrum(Q w Q^) 


(1,0) 


|^12| 2 =0 


(0,0,0,0,0) 
(1,0,0,0,0) 




l0nP = l 


(0,0,0,0,0) 


(1,1) 


I0i 2 | 2 = l 


(1,0,0,0,0) 




|01l| 2 -|022| 2 -O 


(-1,-1,0,0,0) 


(2,0) 


|01l| 2 + |012| 2 =0 

|<M 2 + |0 22 | 2 = 


(1,0,0,0,0) 
(1,1,0,0,0) 


(2,1) 


|01l| 2 + |012| 2 = l 
012 +&2 - I01l| 2 = 


(1,0,0,0,0) 
(0,0,0,0,0) 



Table 4: Simple complex Monge- Ampere equations in complex dimension 2 



Equation 


J 


K 


J 


K 


J 2 


SLAG 














(1,1) 


hess(/) = 1 


(1,1) 





(1,1) 





(1,1) 


hess(J) = -1 


(2,0) 


(3,2) 


(2,0) 


(3,2) 


(2,0) 


Plebanski I 


(2,0) 


(3,2) 


(1,1) 


(3,2) 


(2,0) 


Plebanski II 


(2,1) 


(3,2) 


(1,0) 


(3,2) 


(2,1) 


Grant 


(3,2) 


(3,2) 


(3,2) 


(3,2) 


(3,2) 



Table 5: Invariants for some Monge- Ampere equations in dimension 4 
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We see in table [5] that this method fails for the Grant equation, at least for this 
choice of complex structures: signature is always (3,2) and the corresponding complex 
equation is therefore fully non degenerate. We study the other cases in more details. 



3.2.1 Special lagrangian equation 

As, we have seen the special lagrangian form loslag has zero bieffective part for J 
and for K since 

USLAG = ^.7 A Vt K 

This is the best situation, since every complex lagrangian submanifold is solution. We 
note that this is the same for J and K and more generally for any complex structure 
J = F~ 1 JF with F in S77(4), since 

^SLAG — F* LOsLAG = F*Qj A F*Q K — &>F- 1 JF A ^F' 1 KF 

Nevertheless, it does not give new solutions: we already know that the action of F £ 
SU(n) transforms a special lagrangian submanifold into an other special lagrangian 
submanifold. 

This is the reason of the choice of J 2 : we were looking for a simple complex 
structure which is not in so(8) in order to construct other examples of solutions. 
In the complex Darboux coordinates system, the bieffective part is 

(jJslag = ^{(1 + 2i)efei A dz 2 A dzj A Aui + (-1 - 2i)dz 1 A dz 2 A dz^ A tftZT 
8 I 

+ (1 - 2i)dz\ A du 2 A dzj A dz^ + (1 + 2i)dzi A du 2 A dul A dUa 
+ (-1 + 2i)dzi A du\ A dzj A dz^ + (-1 - 2i)dz 2 A dui A dul A du^ 

+ (1 - 2i)du\ A du 2 A dzj A du^ + (-1 + 2i)dui A du 2 A dz^ A dulj 
and this is straightforward to check that 



BE 
SLAG 



idZ 1 A dU 2 A dZx A dU 2 - dZ 2 A d\J x A dZ 2 A dUi \ 



4 I 

where (Zi, Z 2 , U\, U 2 ) is the complex Darboux coordinates system 

OLZ\ + a~ 1 Ui OLZ\ — oT X U\ 

%\ = — 7= ; U\ = 



iy/2 iV2 



_ az 2 - a 1 u 2 _ az 2 + a 1 u 2 

22 T2 ; 2 _ T2 

, 1 + 2i 
a 2 - 



V5 

We obtain then the following result: 
Proposition 1. Let <fi be a holomorphic solution of 

2 

= 



d 2 <f> 


to 


d 2 (j> 






dz 2 



id let La, be the submanifold La, — {(zi,z 2l — — , — — )) C C 4 . 

L az\ oz 2 ' 
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Then F 1 (L c f ) ) is special lagrangian in (T*R 4 , ft, luslag) where F(q,p) = (z,u) 



with 



Ml = 



U 2 



aqi - 


-(- 


1 H 


- i)aq 2 


+ (1- 


i)aT 




— 






















aq 3 H 


"(- 


i ^ 


- i)aq4 




i)oT 




+ ia~ 






















aqi - 


K- 


-l - 


\- i)aq 2 


-(1- 


£)af 




+ £af 






















aq 3 - 


K- 


-l - 


1- i)aq 4 


+ (1- 


£)af 


-v 3 


— ioC 


>4 



v/2 



3.2.2 Real Monge-Ampere equations 

For every holomorphic function = / + ig : C 2 — > C, we have 

hess R / = |hess c 0| 2 

so for J, J and J2, which come from complex structures on Mr, the complex reduction 
of hcss / = ± 1 are 

|hess0| 2 = ±1 

which are equivalent to 



d 2 4> 


2 


= ± 


<9 2 V 


dzf 




dzl 



For example, for J, the corresponding symplectomorphism is the partial Legendre 
transform 

G(zi,z 2 ,ui,u 2 ) = {u 1 ,z 2l -zi,u 2 ) 
We obtain then the following results: 

Proposition 2. Let <p be a holomorphic solution of 

2 







2 




dzl 




dz 2 



Then G (La,) is a generalized solution o/hess/ = 1 with 

G(q,p) = (pi - IP2, <?3 + m, -qi - iq2,P3 - ipi) 

Proposition 3. Let <p a holomorphic function of the form 4>(z\,z 2 ) — a(zi)b(z 2 ). 
Then G~ l (L^) is a generalized solution o/hess / = — 1. 

Moreover, we see in table 5 that ojh+ has no bieffective part for K and K. We 
get immediately Proposition 4: 

Proposition 4. Any complex lagrangian surface in (T*R 4 , 12, K) or (T*R 4 , 17, K) is 
a generalized solution of hess / = 1 . 

This result is underlying the strong relationship there is between special lagrangian 
geometry and "real special lagrangian" geometry or "split special lagrangian geome- 
try" , as described in [T3] . 
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3.2.3 Plebanski equations 

Computing the bieffective part of wpj, we obtain that the J-complex reduction of 
Plebanski I equation is 

|<M 2 = -i 

which is equivalent up the partial Legendre transform G to 

hM 2 + foM 2 = 

Proposition 5. Let a holomorphic function of the form (f)(z\,z 2 ) — az\ + b{z 2 ). 
Then G" 1 ^^) is a generalized solution of Plebanski I equation. 

Similarly, the J-complex reduction is 

l<M 2 = i 

Proposition 6. Let <p a holomorphic function on (R 4 , A) of the form 

4>{z\,z 2 ) = ziz 2 + a(zi) + b(z 2 ). 
Then its real part is a regular solution of Plebanski I equation. 

Finally, same computations give analog results for Plebanski II equation: 
Proposition 7. Let <p a holomorphic function on (R 4 , A) of 

4>i2 +Jrl + \4>n\ 2 = 
Then its real part is a regular solution of Plebanski II equation. 
Proposition 8. Let cf) a holomorphic function on (]R 4 , A) of the form 

<f)(zi,z 2 ) = a(z 2 ) + b(z 2 )zi. 
Then its real part is a regular solution of Plebanski II equation. 

Conclusion 

Studying geometry of 4-bieffective forms on M 8 , we have reduced important equations 
in Physic to simple - but non empty - complex equations. 

This has been done for arbitraries complex structures. It would be interesting 
now, for a given equation in four variables, to study all possible compatible complex 
structures and to parameterize in this way analytical solutions by pair of compatible 
complex structures on R 8 , and holomorphic functions on C 2 . Note that bieffective 
part still exists for 2m-forms on R 4m and such a parametrization should also exist for 
equations with 2m variables. 

A more global approach would be also interesting. We have considered only com- 
plex structures with constant coefficients but our decomposition theorem remains 
valid on a complex symplectic manifold. This suggests to understand "Monge- Ampere 
calibrations" on complex symplectic manifolds as a generalization of the special la- 
grangian calibration on HyperKahler manifolds. 
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